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, By using the elliptic analogue of the Drinfeld currents in the elliptic algebra f7 9iP (5[jv), 

we construct a L-operator, which satisfies the i?LL-relations characterizing the face type 
elliptic quantum group £> ?i a(s[./v)- F° r this purpose, we introduce a set of new currents 
Kj(v) (1 < j < N) in Uq tP (slN)- As in the N = 2 case, we find a structure of C/ g . p (sljv) as a 
certain tensor product of i3g,A(stjv) and a Heisenberg algebra. In the level-one representation, 
we give a free field realization of the currents in [/^(sIn). Using the coalgebra structure of 
S 9i a(s1at) and the above tensor structure, we derive a free field realization of the t/q^sljv)- 
analogue of Bg i A(stA')-intertwining operators. The resultant operators coincide with those of 
the vertex operators in the A^^-type face model. 



Abstract 
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1 Introduction 



In recent papersfl, 2, 3, 4, 5], the notion of elliptic quantum groups has been proposed. There are 
two types of elliptic quantum groups, the vertex type Aq lP (slN) and the face type B qt \(g), where 
g is a Kac-Moody algebra associated with a symmetrizable generalized Cartan matrix. The 
elliptic quantum groups have the structure of quasi-triangular quasi-Hopf algebras introduced 
by Drinfeld [6]. Since certain finite dimensional representations of the universal i?-matrices of 
these elliptic quantum groups yield known elliptic Boltzmann weights including, for example, 
those of the eight vertex model[7] and the Andrews-Baxter- Forrester (ABF) face model[8], we 
expect that we can perform an algebraic analysis of both types of elliptic lattice models based 
on the corresponding elliptic quantum groups. 

Here, algebraic analysis means, in a restricted sense, a method of studying two dimen- 
sional solvable lattice models based on the representation theory of infinite dimensional quantum 
groups [9]. It can be regarded as an off-critical extension of conformal field theory, where the 
representation theory of the Virasoro algebras and/or affine Lie algebras plays an essential role. 
In fact, quite a lot of, but not all, solvable lattice models allow us, in the thermodynamic limit, 
to identify the space of states of the models with the infinite dimensional modules of certain 
quantum groups. Then two types of intertwining operators, type I and type II, of such modules 
become important. The type I intertwiner provides a realization of local operators, such as spin 
operators for example, on the infinite dimensional modules of quantum groups. And the type 
II plays the role of creation operator of physical excitations. Due to the coalgebra structure of 
quantum groups, these intertwiners can be determined uniquely. Realizing these ingredients in 
certain forms, such as the free field realization for example, one can perform a calculation of 
correlation functions as well as form factors of the models. 

Through experience of the analysis of trigonometric models, such as the six vertex model, or 
equivalently the XXZ spin chain model (see the references in [9]), we know that a formulation 
of quantum groups in terms of the Drinfeld currents [10] provides a convenient framework. This 
is because one can construct a free field realization of the type I and II intertwining operators 
starting from a free field realization of the Drinfeld currents. In addition, the Drinfeld currents 
have a formal, but deep, resemblance to the currents in affine Kac-Moody algebras so that we can 
easily compare the results with those in conformal field theory. Hence to perform an algebraic 
analysis of the elliptic lattice models, it is an important step to find a new realization of the 
both elliptic quantum groups Aq lP (slN) and B qj \(g), g being an affine Lie algebra, in terms of 
the Drinfeld currents. 
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In [11], one of the authors has introduced an elliptic analogue of the Drinfeld currents of 
Uqfah) independently from the formulation of the elliptic quantum groups. The algebra of the 
currents is called the elliptic algebra Ug^s^)- Later in [12], it has been shown that U q>p (si2) can 
be regarded essentially as the Drinfeld currents which gives a new realization of the face type 
elliptic algebra Bq^sh)- According to this result, the type I and type II vertex operators of 
Uq tP {s\2), the analogues of the intertwining operators of B q: \{sh), have been realized by the free 
bosonic fields. The resultant expressions coincide with those of the vertex operators of the ABF 
model obtained by Lukyanov and Pugai[13]. Hence a representation theoretical foundation to 
Lukyanov and Pugai's free field approach to the ABF model has been established. 

The purpose of this paper is to extend this result to the higher rank case. We investigate a 
higher rank elliptic algebra f/g, p (sljv)) and show that f7 9iP (sljv) provides a new realization of the 
the face type elliptic algebra 23 9i a(s(;v) in terms of the elliptic Drinfeld currents. 

Our strategy is parallel to the one in [12]. We first give a definition of f7g )P (sIjv) introducing 
the new currents Kj(v) (1 < j < N) (Section 3). This gives a completion of the definition of 
Uq tP (slN) given in Appendix A of [12]. As an example, a realization of Uq tP (slN) as a certain tensor 
product of the algebra U q (slN) and a Heisenberg algebra C{7i} is given. Then we define the "half 
currents" of the generating functions (total currents) Ej(y), Fj(y), Kj{v) of the algebra £/g P (sIjv) 
(Section 4). The half currents allows us to construct a L-operator as a Gauss decomposed 
form of an operator valued matrix (5.1). We then argue that the thus obtained -L-operator 
satisfies the i?LL-relation which characterizes the algebra B 9; ^(s[jv)j when the generators of the 
mentioned Heisenberg algebra are reduced to a set of parameters (dynamical parameters) by 
properly removing half of the conjugate variables (Section 5). Hence, one can regard the algebra 
Uq tP (slN) as a tensor product of the algebra Bq^si^) and the Heisenberg algebra C{H}. 

The L-operator and the coalgebra structure of B q> \(slN) allows us to construct a free field 
realization of the vertex operators of Ug ;P (slN), which are extension of the type I and II in- 
tertwining operators of B qj \(slN) by adding elements of the Heisenberg algebra, acting on the 
L^ iP (sljv)-modules. In the level-one representation, we derived such a realization starting from 
a free field realization of the total currents of f7 9iP (sIjv)- The resultant expressions coincide with 
those of the type I and II vertex operators obtained in [14] and [15]. We also show that they 
satisfy the required commutation relations. We thus give a representation theoretical meaning 
to the vertex operators of the A ( ^_ 1 type face model[16]. Conversely, as a composition of the 
type I and type II intertwiners, one can construct a L-operator which satisfies the i?LL-relations 
[17, 18]. As a check of our free field realization, we investigate a connection between the two 
L-operators, the one constructed by a composition of the vertex operators and the other by the 
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half currents, in the level-one representation. We then give a proof of our argument in Section 
5 at c = 1. 

The article is organized as follows. In the next section, we review some basic facts on the face 
type elliptic quantum group B qj \(sliy)- In Section 3, we present a definition of the elliptic algebra 
Uq tP (slN). New currents Kj(u) (j = 1,2, ..,N) are introduced there. A realization of £/g, p (s[jv) 
using the Drinfeld currents of ?7 g (sljv) and a Heisenberg algebra is also given. In Section 4, we 
introduce a set of half currents defined from U qtP (slN) and derive their commutation relations. 
In Section 5, constructing a L-operator in terms of the half currents, we show that it satisfies the 
required .RLL-relation for B qt \(slN)- According to this result, in Section 6, we discuss a free field 
realization of the two types of vertex operators of the level one [/^(st^-modules. In addition, 
we have four appendices. Appendix A is devoted to a list of operator product expansions used in 
the text. In Appendix B, we give a proof of some formulae of commutation relations of the half 
currents. In Appendix C, we give a derivation of some formulae contained in the iiLL-relation. 
Finally, in Appendix D, we give a summary of the N dimensional evaluation representation of 

2 The Elliptic Quantum Group B qy \(sl N ) 

In this section, we give a review on the face type elliptic quantum group B qt \(slN) based on the 
results in [5]. 

2.1 Notations 

Through this article, we fix a complex number q ^ 0, \q\ < 1. We often use the parameters 

p = q = e r , p = pq = q = e r* (r = r — c; r,r € !R>o, rr = r r J. 
The following notation is standard: 

@ p (z) = (z,p) 00 (pz- 1 ;p) 00 (p;p) 00 , 

(*;ti,- ••,**)«,= II C 1 -**? 1 ■••*£*)■ 

ni,---,n k >0 



We also use the Jacobi theta functions 



[v\=qr — , [v\ = q 



{p;p)lo' (p*;p*)Ic 

which satisfy [—v] = — [v] and the quasi-periodicity property 



[v + r] = -[v], [v + rr] = -e-* iT -*? L [v]. (2.1) 
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We take the normalization of the theta function to be 

dz 1 



Co 2niz[-v] :1 ' M 

where Co is a simple closed curve in the f-plane encircling v = anticlockwise. The same holds 
for [v]*, with r replaced by r*, except for the normalization 

dz 1 \v 



/ 



Tco 27Tiz [-«]* M* 

2.2 Definition of the elliptic quantum group jB^sIjv) 

Let C/g = U q (slN) be the standard affine quantum group. Namely, U q (slN) is a quasi-triangular 
Hopf algebra equipped with the standard coproduct A, counit e, antipode S and universal R 
matrix 1Z. Our conventions on the coalgebra structure follows [5]. Let f) and i) be the Cartan 
subalgebras of sIn and sIn, respectively. We denote a basis and its dual basis of f) by {hi} and 
{/r}, respectively. More explicitly, they are given by {hi} = {d, c, hj} and {h 1 } = {c, d, W} (1 < 
j < N — 1), where c and are a central element and a derivation operator of stjv, respectively, 
and {hj} and {/i-'} are a basis and a dual basis of f). 

The face type elliptic quantum group S^aC^tv) is a quasi-Hopf deformation of J7 9 (sljv) by the 
face type twistor F{\) (A € f)). The twistor F(A) is an invertible element in C/ 9 <8> t/ 9 satisfying 

(id(g>e)F(A) = 1 = F(A)(e ® id), (2.3) 
F( 12 )(A)(A <g> id)F(A) = F( 23 )(A + /i«)(id A)F(A). (2.4) 

where A = Aj# (A; € C), A + fcW = £ ; (A; + and = fr, <g> 1 ® 1. An explicit 

construction of the twistor F(A) is given in [5]. A quasi-Hopf deformation means that as an 
associative algebra, B q! \(slN) is isomorphic to f/ g (sljv), but the coalgebra structure is deformed. 
Namely, the coproduct is changed to the new one given by 

A A (x) = F(X)A(x)F(X)- 1 Vx G U q (sl N ). (2.5) 

A a satisfies a weaker coassociativity 

(id® A A )A A (:r) = $(A)(A A 0id)A A (x)$(A)- 1 Vxet/^), (2.6) 
$(A) = F( 23 )(A)F( 23 )(A + /iW)- 1 . (2.7) 

The universal i?-matrix is also deformed to 

U{\) = F( 21 )(A)^ 12 )(A)- 1 . (2.8) 
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Definition 2.1 (Elliptic quantum group B q ,\(slN)) [5] The face type elliptic quantum group 
^q,x( s ^N) is a quasi-triangular quasi- H op f algebra (B qj \(slN), A^,e, S, <J?(A), a, (3, 1Z(X)), 
where a, (3 are defined by 

a = J2 s ( k i)h, = J2 m i S ( n i)- ( 2 - 9 ) 

i i 

Here we set J^ih ®k = F(\)~ l , J2i m i { S>n i = F(X). 

A characteristic feature of jB 9) a(s(jv) is that the universal R matrix TZ(X) satisfies the dynam- 
ical Yang-Baxter equation. 

^(12) (A + / l (3)) 7 e( 13 )(A)^ 23 )(A + h^) = K^(X)rt n Hx + h^)TZ (12 \x). (2.10) 

Let (vry i2 ,y 2 ), V z = V <8> C[z, z^ 1 ] be a (finite dimensional) evaluation representation of U q . 
Taking images of 1Z, we have a i?-matrix R yw (z, A) and a L-operator L y (z, A) as follows. 

R vw ( Zl /z 2 , A) = (vry 21 ® n w ^ 2 ) q c ® d+d ® c K(X), (2.11) 
L v (z, A) = (vry 2 ® id) q c ® d+d ® c K{X). (2.12) 

Then from (2.10), we have the following dynamical .RLL-relation. 

R vw ( Zl /z 2 , X + h)L v ( Zl ,X)L w (z 2 , X + fcW) = L w (z 2 , \)L+( Zl , X + h^)R vw ( Zl /z 2 , A). 

(2.13) 

Note that in B q , x (st N ), L+(z,X) and L~{z,X) = {tt VjZ <g> id) 7e( 21 )(A)- 1 g- c ® d_d ® c are not in- 
dependent operators (Proposition 4.3 in [5]). Hence just one dynamical .RLL-relation (2.13) 
characterizes the algebra B q: \(slN) completely in the sense of Reshetikhin and Semenov-Tian- 
Shansky [19]. 

Hereafter we parametrize the dynamical variable A as 

JV-1 

A = (r* + N)d + s'c+ J2( S J + l ) hj {s eC, r* =r-c). (2.14) 

3=1 

Under this, we set F(r*,{sj}) = F(X) and TZ(r*,{sj}) = 1Z(X). Since c is central, no s' 
dependence should appear. The dynamical shift A — > X + h with h = cd + J2f=i hjhP , changes 
the universal i?-matrix lZ(r*, {sj}) to TZ(r, {sj + hj}) = 1Z(X + h). Note r* = r — c. 

Let us now take (vry i2 ,14) to be the evaluation representation associated with the vector 
representation V = C N of U q (slN) (see Appendix D). We set 

R+(v, s + h) = (tt ViZi ® n ViZ2 )q c ® d+d ® c K(r, { Sj + hj}), 
L+(v, s) = (7r y , 2 ® id)q c ® d+d ® c n(r*, { 8j }), 
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where z% = q 2vi (i = 1,2), v = v\ — v 2 - One can obtain the finite dimensional representation 
of the twistor F(r, {sj}) by solving the difference equation for (ttv, z1 <8> 7ry iZ2 )-F(r, {sj + hj}) 
(Eq.(2.30) in [5]) derived by using the explicit realization of F(X), under the parametrization 
(2.14). Then noting the relation H(r, {sj + hj}) = F^ 21 \r, {sj + hj})HF^ (r, {sj + hj})- 1 , we 
obtain the i?-matrix R + (v, s + h), up to a certain gauge transformation, as 

R + (v,s + h) = p + (v)R(v,s + h), (2.15) 

N 

R(v, s + h) = E jj ® E jj + ^2 (H v , s j,i + h j,l) E jj ® + K^)-Eh <8> -Ejj) 
i=i i<j<i<N 

+ X] ( c ( v , s j,i + h j,i) E ji® E ij + c( v , s j,i + h j,i) E ij® E ji), ( 2 - 16 ) 

l<j<l<N 

where s j;/ = a,, = hj {1 < j < I < N) and 

e( "' s) = mrttt (2 - 18) 

The function p + (v) is chosen as 
where 

{4 = (z-p^^U. (2.20) 

Up to a gauge transformation, the i?-martrix R + (v, s+h) is nothing but the Boltzmann weight of 
the A ( ^ > _ 1 type face model introduced in [16]. The i?-matrix R + *(v, s) = (vry i2l (g)7ry i22 )7^(r*, {sj}) 
is obtained from R + (v, s) by the replacements r — > r*. Hence, under the parametrization (2.14), 
the dynamical i?LL-relation takes the form 

i?+(i2) (U) a + h)L + W(v!, s)L+^(v 2 , s + h&) = L + W(v 2 , s)L + ^( Vl ,s + hM)R + < 12 \v, s). 

(2.21) 

2.3 Intertwining operators 

Let J 7 , T' be highest weight [/^-modules. We denote the type-I and type II intertwining operators 
of [/^-modules by <&{z) and ty*(z), respectively. 

&(z) : T — >T'®W Z , ^*(z):W z ^^ — > T' . (2.22) 
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Twisting these operators by F(r*, s), we obtain the corresponding intertwining operators s) 
and ty*(v,s) of S^-modules. 



$w(v, s) = (id ® 7r^)F(r*, (2.23) 
*^(«, s) = ® id)F(r*, {a,})" 1 . (2.24) 

From the intertwining relation satisfied by $(z) and ^(z), one can derive the following dynam- 
ical intertwining relation for the new intertwiners [5]. 

*$(V2 + |, S )L+ (1) ( Vl , a ) = C(t; lS + /i)L+ (1) ( Vl , a )*g?(^ + |,a + /!«), 

(2.25) 

L+(V,s)< 2) (*2,s + /> (1) ) = ^ 

(2.26) 

Note that (2.25) and (2.26) are the relations for the operators V Z1 <8> J 7 — > F 21 <8> T <8> W Z2 and 
V 2l <8> W Z2 <S> T —> V Zl <S> J 7 , respectively. 

3 The Elliptic Algebra U qj) (si N ) 

In this section, we give a definition of the elliptic algebra U q:P (slN)- To define the algebra, we 
follows mainly the idea given in Appendix A of [12]. Namely, we first introduce the elliptic 
currents ei(z,p), fi(z,p) and ip^(z,p) of U q (sl]y) by modifying the Drinfeld currents of U q (sl]y). 
Then we extend them to the currents of U qiP (sl]\[) by taking a tensor product with a Heisenberg 
algebra C{7i} given in Section 3.4.1. Our definition is an extended version of the one given in 
[12] introducing new currents Kj{v) (1 < j < N). The currents {Kj(v)} play an essential role 
in the construction of the L-operators (Section 5). 

3.1 Drinfeld currents of U q (slN) 

Let us first recall the Drinfeld currents of U q (slN) [10]. We use the standard symbol of g-integer 

[n\ q = q -^f^. (3.1) 
We also use the symbol A = (Ajk) to express the Cartan matrix of sIn- 

Definition 3.1 (Drinfeld currents) The algebra C/g(sljv) is a ^-algebra generated by the 
generators h i: aj )jn , xf n (i = 1, ■ • • , N — 1 : m G Z^ 0) n £ 2), c, d. In terms of the generating 
functions 
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= ( 3 - 2 ) 

i; i (q £ 2z)=q h >exp((q-q- 1 )Y,^mZ- m ) , (3.3) 

V m>0 J 

i Pi (q-^z)=q^expl-(q-q- 1 )^2a^ m z m \ (i = 1, • ■ ■ , N - 1), (3.4) 

V m>0 / 

i/ie defining relations o/L r (? (s[jv) are given 6j/ 



c : central, 




(3-5) 


= [d,hi] = [d,a ijm ] = [a iim ,d] = 0, 




(3-6) 




o, 


(3-7) 


[hi,xf(z)\ = ±Aij xf(z), 




(3.8) 


[A ijm } q [cm} q , m | 

l u 'i,mi u j, n\ — q °n+m,0) 

m 




(3.9) 


k m , *+(*)]= [AiMq q- c Wz m xf(z), 




(3.10) 


[a i , m ,xj(z)}= [AlMq z m x- 3 {z\ 




(3.11) 


( Zl - q ±Aij z 2 )xf( Zl )xf(z 2 ) = {q ±A ^z x - 


- z 2 )xf{z 2 )xf{z 1 ), 


(3.12) 



[xt( Zl ),x-(z 2 )} = -^L- {S(q- c z 1 /z 2 )^ i (qh 2 )-6(q c z 1 /z 2 )ip i (q-h 2 )) , (3.13) 

(xf( Zl )xt(z 2 )xf(z) - [2] q xt(z 1 )xf(z)xt(z 2 )+xf(z)xt(z 1 )xt(z 2 )) 

+ (xf(z 2 )xf( Zl )xf(z) - [2} q xf(z 2 )xf(z)xt(z 1 )+xf(z)xt(z 2 )xt(z 1 )) = 0, 

for \i-j\ = l. (3.14) 

Here S(z) denotes the delta function S(z) = Ylm&i z ™ '■ We call the generators hj, 

the Drinfeld generators ofU q (slN) and the generating functions xf (z) , tpi(z) and (fi(z) the Drin- 

feld currents. 

3.2 Elliptic currents of U q (sIn) 

We next introduce an elliptic modification of the currents xf(z), tpi(z) and (fi(z) according to 
[12]. 

Let us define the auxiliary currents uf(z,p) by 

ui(z,p) = exp ( £ J^^'^zr) , (3.15) 

\m>0 [ ' q J 
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u-(z, P ) = exp ( - j^r a ^~ rz y m ) ■ ( 3 - 16 ) 

V m>0 L ' q J 

Proposition 3.1 The following commutation relations hold. 

ut( Zl ,p)xj(z 2 ) = { §^^^ X 7^W(^ (3-18) 



(pq c Ai ^>z 2 /z 1 ;p) 
{pq- c + A ij Z2 /z 1 \p)oo^ 3 



"i (z 1 ,p)xj(z 2 ) = - —tt- a — - ' - xj(z 2 )uj(z u p), (3.19) 



( Tifl^^i Zo I Za ' T)l 

u-( Zl ,p) X -(z 2 ) = J—A—J^-J^u-iz^p), (3.20) 



+ / v v (pq A,3 zi/z2\p)oo (g *q c+A ^z 1 z 2 ;p * ^ _ + 

Uj{z l ,p)u j {Z 2 ,p) = ~c+A - ■ / 7~ 7 * c-A - / 7^ U j ( Z 2,P)UT{Z1,P). 

j ^ c +^jz 1 /z 2 ;p) 00 (p*q c A ^ z X j 'z 2 ;p*)oo J 

(3.21) 

Definition 3.2 (Elliptic currents) Let us define "dressed" currents ei(z,p), fi(z,p), ipf(z,p), 
(i = l,---,JV-l) by 

e i (z,p) = u+(z,p)x+(z), (3.22) 
fi(z,p) = x~(z)u~(z,p), (3.23) 
^f(z,p) = uf(qh,p)i/ji(z)u~(q~^z,p), (3.24) 
^(z,p) =uf(q~%z,p)(pi{z)ur(q%z,p). (3.25) 

We call the currents ei(z,p), fi(z,p) and ifjf(z,p) the elliptic currents of U q (s\^)- 

The reason why we call "elliptic" is because the dressing operation specified by uf(z,p) changes 
the commutation relation of the Drinfeld currents to the elliptic ones. 

Proposition 3.2 The elliptic currents satisfy the following relations. 

Zi@ p *{q Aij z 2 / z 1 )e i (zi,p)e j (z 2 ,p) = -z 2 @ p *(q Aij z\j z 2 )e j (z 2 ,p)e i (z 1 ,p), (3.26) 

Zl e p (q A ^ z 2 /z 1 )f i (z 1 ,p)f j (z 2 ,p) = -z 2 Q p (q A ^ z 1 /z 2 )f j (z 2 ,p)f i (z 1 ,p), (3.27) 

Si .4 



[eifaplJjfap)] = ^-^i (6(q- c z 1 /z 2 )^+(qh 2 ,p) - 5(q c Zl / z 2 )^j z 2 ,pj) , (3.28) 
q- h ^t(q- r ^z,p) = q h ^;(q r -^z,p), (3.29) 
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K ( Zl ,p)^ (z 2 ,p) = Qp{qAjZi/z2)eAq -A, Zi/z2 f 3 &,PW i*i>P), (3-30) 



ipt(zi,p)ej(z 2 ,p) = ® P *^ 9 _ A , c l ^ 2 - e-j (z 2 , P)^f (zi,p), (3.31) 



® P {q~ Al3 ~ c *zi/z 2 ) 

Qp{q A ^z 1 /z 2 ) 



^t(zi, P )f 3 (z 2 ,p) = A _c V fj(z 2 ,p)iPt( Zl ,p), (3.32) 



(p*q 2 z 2 /z 1 ;p*) 00 \{p*q 1 z/z 1 ;p*) 0O (p*q l z/z 2 ;p*) 00 

-e i {z 1 ,p)e i {z 2 ,p)e j {z,p) 



(p*q 2 z 2 /zr 1 p*) 00 { (p*qz/z 1 ;p*) OQ (p*qz/z 2 ;p*) 



oo 



(p*q 1 z/z 1 ;p*) 00 (p*q 1 z 2 /z;p*) oa 
~ [2] « (p^z/z^ip^/z^U ^'^^^p) 

{p*q- 1 z 1 /z;p*) 00 {p*q~ 1 z 2 /z;p*) 00 \ 
+ {p^/z-p^qz^U °>(*>pM™M*»p) ) + (* ~ = 0. 

(3.33) 

{pq~ 2 z 2 /z 1 ;p) 00 f (pqz/z 1 ;p) 00 (pqz/z 2 ;p) 00 ^ p)f (z 2 p)f (z p) 
(pq 2 z 2 /zi;p)oo \(pq- l z/zi;p) oc (pq- 1 z/z 2 ;p) ' 



fol (pqz/zi\P)oo(PQZ2/z;P)°o f< \ /■ / w / \ 

- [21 ' (w -Wzi;rUr.rWz;r)J ' (zi - p)/j( *' p)/ ' fe - i ' ) 

(pqz 1 /z;p) OD (pgz 2 /z;p) OD \ 



for |i-j| = l. (3.34) 

3.3 New currents 

In this subsection, we consider a decomposition of the elliptic currents ip^(z,p) (1 < j < 
N — 1) corresponding to the decomposition (3.58). For this purpose, we introduce new currents 



kj(v) (l<j<N). 



We first note that the currents ipf(z,p) are expressed by using the Drinfeld generators aj 



as follows. 



tpf{q T< -- r °^z,p) = q ±hj : exp 



> :, (3.35) 



where we set 



( r * l 

-a,- m m > 



[rm], hm ^ ^ 

g c|m| a i>m m < 0. 



The colons in (3.35) denote the standard normal ordering. 
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Let us introduce new generators, B 3 m (j = 1, • • • , N; m £ Z), according to the formula 



N 

Ri I P.7+1 - m U . a {N-j)m S To 2jm B j -0 



(3.37) 



or more explicitly, 



& = - 

m [m] q [Nm 



N-l 



y J>m] 9 b k>m - q Nm £ i( N ~ k ) m h K 
' q \k=l k=j 



(3.38) 



From this and (3.9)-(3.11), we derive the following commutation relations. 



Proposition 3.3 For m,m' £ Z^ 0) j, k = 1,---,N, the following commutation relations 
hold. 



\W R fc 1 — mS ^ r m M c ™k 

[ B mi B m'\ - md n 



J m+m',0' 



rm] q [m] q [Nm] q 



[(N - l)m] q (j = k) 

-q- mNs ^-V[m] q (j^k), 



[r*m] q 



■ m ,xf(z)] = Tq m{N+l - ] - c) z m xf(z) x { W< 



(m > 0) 



q cm (m < 0), 



[B£\xf(z)} = ±q m( - N - 1 ~i~ c h m xf(z) x < 



[B k m ,xf(z)]=0 (k^j,j + l). 



We now define new currents kj(z,p) (1 < j < N) by 



[rm 



f- (m > 0) 
(m < 0), 



(3.39) 

(3.40) 

(3.41) 
(3.42) 



kj{z,p) =: exp f £ -]rr^ 



(3.43) 



Then, from (3.35) and (3.37), we have the following decomposition. 

^(g^-i^p) = « ? ± ^A; J -(g JV -^,p)A ;j - + i(g Ar -^,p)- 1 , 
(p;p)oo(p*g 2 ;p*)oo 



(p*;p*)oo(pg 2 ;p)oo' 

It is also easy to verify the following commutation relations. 



(3.44) 



Proposition 3.4 



k j (zi,p)k j (z 2 ,p) = ( — 



iV-l (1 1 N 

AT V r r 1 "- 1 



p(ui - v 2 )k j (z 2 ,p)k j {z 1 ,p), 



k h (zi,p)k j2 (z 2 ,p) 



N — 1 / 1 ]_\ 



p(f i - -y 2 ) 



©p^^l/ 2 ^) © P *(zi/Z2) 



(3.45) 



■k h (z 2 ,p)k jl (z 1 ,p), 
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0-^ji<h^N), (3.46) 

k 1 (z,p)k 2 (q 2 z,p) ■ ■ ■ k N . 1 (q 2(N ~ 2 h,p)k N (q 2 ^z,p) = c^^, (3.47) 

Q t (qj—N+r* Z \j Z2) 

k j (z 1 ,p)e j (z 2 ,p) = e ^ gi _ jV+r »_ 2 ^^ e i (z 2 ,p)fc i (zi,p), (3.48) 

k j+1 (z 1 ,p)e j (z 2 ,p) = Q P *^-N+r*+2^2 ) &j ^ ' ^ ^ +1 ^ ' ^ ' 

k i (z 1 ,p)e j (z 2 ,p) = e j (z 2 ,p)k i (z 1 ,p), (i / j, j + 1), (3.50) 
6 (g J, '~ Ar+r ~ 2 zi/z 2 "p) 

k j (z 1 ,p)f j {z 2 ,p) = Q^ q j-N+r Zl j Z2 . j,) /j ( z 2 , P) fej {zi , p) , (3.51) 



kj + i(zi,p)fj(z 2 ,p) = Q p ( q j-N+r Zl / Z2) fj( z 2,P)k j+ i(zi,p), (3.52) 



Q p ^- N+r+2 Zl /z 2 ) 
& p (qi- N + r z 1 /z 2 ) 

h(.zi,p)fj(z 2 ,p) = fj(z 2 ,p)ki(zi,p), (i j,j + 1). (3.53) 
Here we set 

CAr { pq 2N+2}2{p* q 2N+4}*{ p * q 2N}* 
with p + (v) given in (2.19) and p + *(v) = p + (v)\ r ^ r * . 

3.4 Definition of the elliptic algebra C/g )P (s[jv) 

Now we give a definition of the elliptic algebra Uq^sIn) by considering a tensor product of the 
elliptic currents of U q (sl]^) with a Heisenberg algebra. In order to keep the defining relations of 
the algebra U q:P (slN) with the new currents Kj(v) same as those given in Appendix A of [12], 
we need to make a central extension of the Heisenberg algebra. 

3.4.1 The Heisenberg algebra C{H} and its extension C{H} 

Let ej (1 < j < N) be the orthonormal basis in R N with the inner product (ej,ek) = Sj,k- 
Setting 

TV 

.V 



we have the weight lattice P of A$_ x 



P = ®% =1 Ze j . (3.57) 
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Then the simple roots a>j (1 < j < N — 1) of stjv are given by 

a j = -e j + e j+1 . (3.58) 

Let us introduce operators h a ,{3 (a, (3 € P) by 

[he^ek] = (ej,e k ), [hej,he k ] = = [ej,€ k ], (3.59) 

ha = Y.j n 3 h e ] for a = Ylj n j£j and = 0. Note that (ej,e fc ) = 6 jik - jj- and [h aj ,a k ] = 
23j,k — $j,k+i ~ $j,k-i = Aj k . Hence, we identify h a . = —h ?j + h ?j+1 with hj in the Drinfeld 
generators of U q (slN) (Section 3.1). Noting Ylf=i^ej = 0) one can solve a set of equation 
hj = -h Ej + h Sj+1 (1 < j < N - 1) for fe.. 

j-i -. JV-l 

h- ej = h k - x E ( N - ( 3 - 6 °) 

k=l k=l 

From this and (3.6)-(3.8), one can verify the following commutation relations with the Drinfeld 

j,m, %f >m of U q ( 

[h- ei ,a jm ] = [h €i ,d] = [h- ei ,c}=0, (3.61) 



generators c, d, aj, m , x ■ of U g (sl N ). 



[he^xfj = ±(-6ij + S iJ+1 )xf tm . (3.62) 

Now let us introduce another Heisenberg algebra C{H} generated by P a and Qp (a, (3 G P) 
satisfying the commutation relations 

[Pe s ,Qe k ] = {ej,€ k ), [Pe„Pe k } = = [Qe^Qe,], (3.63) 

where P a = J2j n j^j fo r a = J2j n j^j an d Po = 0. We also impose that C{77} commutes with 
U q (sl N ). 

[P gj ,a] = [Q Sj ,a]=0, (3.64) 
[P- tj , U q (sl N )\ = [Q e -. , U q (sl N )\ = 0. (3.65) 

Definition 3.5 We define an extension C{77} of the Heisenberg algebra C{H} by introducing 
new generators rjj (1 < j < N — 1) and modifying the relations (3.63) to the following ones. 

[P- ej ,Qe k ] = (ej,e k ), [P-e 3 ,P-e k \ = 0, (3.66) 
[Q €j , Q- ek ] =(l-±^j sgn(i - fc)Iog q, (3.67) 

IQtj ' %1 = - s s^U - k ) lo s ?> ( 3 - 68 ) 

[Vj'Vk] = ^ s S n (j - fc ) lo g 9, (3.69) 

AT 

[i^,ffc]=0, J>,=0. ( 3 - 7 °) 

i=i 
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We also impose the following commutation relations. 



[r lj ,a] = [ Vj ,U q ( 5 l N )} = 0. (3.71) 

If we set a.j = —rjj + r/j+i, we have 
Proposition 3.6 

[Qaj , Qa k ] =(l~^] ( S i,k+i ~ S jtk -i) log q, (3.72) 

[Qe s ,Q ak ] = ~ (I ~ ^) (hk + <W) log q, (3.73) 

[Qe d ,ak] = — {Sj,k + <5j,fe+i) log g, (3.74) 

[Qqj , afc] = - (<5j,fe+i - 5 jtk -i) log g, (3.75) 

a k ] = - (Sj,k+i ~ 8j,k-i) log Q, (3-76) 

[a j ,P f J = [a j ,C/ ? (7[ iV )]=0. (3.77) 

3.4.2 Definition of U q:P (slN) 

Now we are ready to define the currents Ej(v), Fj(v), Hp(v) (1 < j < N — 1) and (1 < 
3 < N). 

Ej{v) =e j {z,p)e^e- Qa i(q- j+N zr^ 1 , (3.78) 

Fjiv) = f J (z,p)e^(q^ +N z)^(q-i +N z)^, (3.79) 

Hf (v) = ^±(^p)^ e -^(g-J+^±(^-f) z )(-^+F)( p ^- 1 )+F^ ) (3.8O) 

if-(u) = A; i (z,p)e Q ^z ( ^ r_ - )Pf Jz"-H' + (^-?)w L . (3.81) 



Here the currents ej(z,p), fj(z,p), ipj(z,p) and kj(z,p) are the elliptic currents of U q (slN) given 
in (3.22)-(3.25) and (3.43), whereas ctj, P a , Qp (a, /3gP) are the elements in the Heisenberg 
algebra C{H}. From (3.26)-(3.28), (3.45)-(3.53) and (3.66)-(3.71), we can verify the following 
relations. 

Proposition 3.7 

Ei[v{)Ej[v2) = [Vl ~ V2 + ~l ] Ej{v2)Ei{v{), (3.82) 
[vi-v 2 - -f-]* 

FiWFjte) = [ p^^^ F j (v 2 )F i (v 1 ), (3.83) 

[VI -V 2 + ^] 
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[EiM, F> 2 )] = j^zt (s( q - c z 1 /z 1 )Hf (v 2 + £)- StfziMHJ („ - £)) , (3.84) 



Kj{vi)Kj(v2) = P ( Vl - v 2 )K j {v 2 )K j {v 1 ), (3.86) 

^ 1 (, 1 )^ 2 (, 2 ) = P (T* - ^) : ^j^^"- 1] ^ ( " 2) ^ 

(1 ^ h < h ^ N), (3.87) 

KjivjEjivi) = —j^pttn ~~r Ej(v 2 )Kj(vi), (3.88) 

[ui - v 2 + ■ £:L - 2 - 1J* 

Kj+^vjEjivi) = ^ £> 2 )iW^), (3.89) 

[ui - V2 + h 1J 

i^M^M = ^(u^fa) (ji ^ j 2 , j 2 + 1), (3.90) 



r . j+r — N -i I 

k>i)f> 2 ) = ^"^ ^w ^W^^)' ( 3 - 91 ) 



2 

[ui - v 2 H J" 



r , J+r — iV _|_ -I I 

^ +1 MF> 2 ) = Fl . ~ V2 ~TZ - W r 1 F j (v 2 )K j+1 (v 1 ), (3.92) 

- V 2 + ^ J 

KjMF^vi) = F j2 {v 2 )K h { Vl ) (h + j 2 ,j 2 + 1), (3.93) 



(p*q z z 2 /z 1 ;p*) 00 { {P qz/z 1 ;p*) 00 (p*qz/z 2 ;p*) 00 

(p*qz/z 1 ;p*) 00 (p*qz 2 /z;p*) c 



loo 

, ^ {p*q~ 1 zi/z;p*) 00 {p*q- 1 z 2 /z;p*) 00 \ 

i(pfVw)»/, , >i (pqz/z 1 ;p) 00 (pqz/z 2 ;p) 00 

-[21 (^/*i;p)°°(p<zs2/*;p)°° , , / ■. / s 

+ ( (m/.PU^^ Fj( ,)^(, l) ^ ( , 2 )} + {Z1 „ , 2) = o (|i - ,| = i). 

(3.95) 

i/ere i/ie constant k and the function p(v) are given in (3.44) an d (3-54), respectively. 
The following relations among Hf(v) are also useful. 



(3.94) 
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Proposition 3.8 



fl+(„_ r + £) = fl- („_£), (3.96) 

w - (3.97) 

H+WEfa) = [ " 1 ~ V2 + i + i }* E j (v 2 )H+(v 1 ), (3.98) 



cl* 



h-«2-^-f 



4 

A 

2 4 



H+ivjFjfa) = ^ I. * F> 2 )ff+(^), (3.99) 



Definition 3.9 ( Elliptic algebra U q ^ p (sl^) ) We define the elliptic algebra U^ p (s[n) to be 
the associative algebra of the currents Ej(v), Fj{y) (1 < j < N — 1) and Kj(v) (1 < j < N) 
satisfying the relations (3. 82)- (3. 95). 

Proposition 3.10 The construction of Ej(v), Fj(v) and Kj(v) given in (3.78)-(3.81) is a real- 
ization of the elliptic algebra U q;P (slN) in terms of the Drinf eld generators ofU q (slN), h ?j , B 3 m , xf n 
(i = 1, • • • , N — 1 : m € Z^o, n € Z), c, d and the Heisenberg algebra C{7i} generated by 
Pej, Qej (1 < j < N) and aj (l<j<N-l). 

Remark. In Appendix A of [12], a realization of the elliptic algebra U q:P (sl]y) is given by using 
the Drinfeld currents of U q (slN) and the Heisenberg algebra generated by {Pj,Qj} satisfying 

[Pi,Qj} = -^, (3-100) 

which has no central extension. The relation between {Pj,Qj} and {Pa^Qaj} hi C{Ti} is 
P aj = Pj and Q aj = —2Qj. The role of the central extension and the additional elements tjj 
(3.67)-(3.69) is to suppress some extra g-fractional-power-factors in the relations in Proposition 
3.7. As for the problem realizing the L-operators satisfying the dynamical i?LL-relation (Section 
5), such (/-factors can be absorbed into a choice of the gauge expressing the i?-matrix. Conversely, 
in a gauge expressing the i?-matrix components as b(u, s) = q~r b(u) = qr J"^ and 

the others remaining the same as in (2.18), we need neither the central extension nor the addition 

Of Tjj. 

4 Half Currents 

In order to construct a L-operator, we here introduce the half currents Ef-{v), F^v) and Kj~(v) 
and investigate their commutation relations. We follow the idea of [20, 4, 12]. 
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We often use the abbreviations 



P u = -P ? .+P ?l =P a . + P a . +1+ ... + P ai _ i , (4.1) 
hj t i = -hi j + h Sl = hj + hj+i H h fy-i (4.2) 



for j < I. From the definition of C{H} and (3.78)-(3.81), we have 

[if»,P M ] = {Sjt-SjjftKjiv) = [K^P^ + hkd, (4.3) 

[P», Pfc,/] = (5j,k + - <5j,i - S j+lik )Ej(v), (4.4) 

[i^(v), Pj,, + h jt i\ = (S jtk + 5 j+lil - S jt i - S j+ltk )Fj(v), (4.5) 

[P»,Pm1 = = [^(«),-F5fc,i + M- ( 4 -6) 

Now we define the half currents of U qtP (slN) as follows. 

Definition 4.1 (Half currents) We define the half currents F^v), E^(v), (1 < j < I < N) 
andK+(v) (j = l,...,N) by 

K+(v) = K j [v+ 7 -^j (l<j<N), (4.7) 



F u( v ) = ajJ f[^F l - 1 {v l - 1 )F l - 2 (v l - 2 )---F j {v j ) 
Jc(j,i) 2mZm 

^ l v - Vl _ 1+ P jjl + hjil + l -=f-l}[l} 



[v-Vt-t + ^Pjj + hjj-l] 
J™- K+l + [Pj,m+1 + hj, m +l] 



r z_1 d7 



Jv-v^-P^ + ^L + l + !]*[!]* 
b-^-i + ^ + f]*[P, V -l]* 

11 [V m+1 -V m + \]*[P 3 ,m+l ~ 1]*' 



Here the integration contour C(j,l) and C*(j,l) are given by 

C(j,l) : \pq l - N z\ < \ Zl ^\ < \q l - N z\, 



\pqz k+1 \ < \z k \ < \qz k +i\, (4.10) 
C*(j,l) : \p*q l - N+c z\<\z l - 1 \<\q l - N+c z\, 

\p*qz k+ i\ < \z k \ < \qz k +i\, (4.11) 
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where k = j,j + 1, .., I — 2. The constants ajj and a* l are chosen to satisfy 



(4.12) 

q-q 1 



Then we can verify the following commutation relations 

Theorem 4.1 The half currents E^(v) , F^(v) and Kj(v) (1 < j < I < N) satisfy the 
following relations. 

K+( Vl )K+(v 2 ) = p(v)K+{v 2 )K+( Vl ) (1 < j < AO, (4.13) 

K+(v 1 )K+(v 2 ) = p(v) [ ^~ [ f_ [ ^ ] K+(v 2 )K+(v 1 ) (l<j<l< AO, (4.14) 

K+M-iE+WK+M = E+(v 2 )J^ - (4.15) 

K+WF+WK+W-i = J^F+( V2 ) - 5 J^+M ^ M) , (4.16) 

[ ^fE-( Vl) E L ( V2 ) + ^fE+ {v2) E+( Vl ) 

_ F+ivi) 2 im,i + ^ zi-tj + 2 [i][p 3 -, t + /»,-,, - 2 + tj 
^ + (^)- i ^i(^i)^ + (^)^(^) 

= K+(v 1 )- 1 E+(v 2 )K+(v 1 )E+ k (v 1 )Rlf(v,P j , k ) 

+K+(v 1 )- 1 E+ k (v 2 )K+(v 1 )E+(v 1 )R* k k j (v,P j:k ) (j + k), (4.19) 



= Rpc.r,, + hj^F+^K+WF+WK+iv!)- 1 

+R%{v,P 3 , k + h^F+^K+^F+^K+^y 1 (j + k), (4.20) 

K-iW,*?^)] = ^_ 1 (^)^-i(^)^ + (^)- 1 ^^^ 
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where v = v± — v 2 ■ 



Proof. The relations (4.13) and (4.14) are direct consequences of (3.86) and (3.87). 

We show the relation (4.16). The relations (4.15) can be proved in the same way. Setting 
ttij = Pjj + hjj, we have from (3.91)-(3.92) and (4.3), 



= a ^ f II ^r^-iK-i)^- 2 K- 2 ) • • • FM) 

JC(i,l) . - z/l iz h 



'COM) k=J 

[vi - v_U + l -^ + l][v2- v_U + *ij + ^ - 2] [1 . 1 
where we set 

Then the relation (4.16) follows from the theta function identity 

[ui + t] [u 2 + s] _ [ui - u 2 + t] [u 2 + s + t] [n 2 - ui + s] [ui + a + t] [t] 
[ui][u 2 ][s] [ui - u 2 ][u 2 ][s + t] [u 2 - m] [ui] [s] [s + t] 

with the replacement m = vi — + (z = 1, 2), s = irij — 2, i = 1. 

Proofs of (4.17)-(4.18) and (4.19)-(4.20) are lengthy. We put them in Appendix B. 

Next let us consider the relation (4.21). Integrating the delta function appearing from (3.84), 
we have 

Here the contours are now 

CjT_i encloses zip*™, ^P™ = 1, 2, ...), 
C i 7 1 encloses ziq 2c p* n , z 2 p n (n = 1, 2, ...). 
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Then in the second term, changing the variable z[_ x — > vz[_\ and using the relation H (V + r — 
c/4) = H + (v' + c/4), we have the same integrand as the first term but the integration contour 



becomes 



C x _ x encloses zip™, z 2 p n (n = 0, 1, 2, ...). 
Therefore taking the residue at z[_ x = z\,Z2 and using the relation (3.85), we get (4.21). 



Q.E.D. 



5 The L-operator of Uq^sIn) and Relation to Bq^sIn) 

In this section, we construct a L-operator L + (u) by using the half currents and show that it 
satisfies the dynamical l?LL-relation (2.21), which characterizes the algebra B qj \(slN)- We then 
clarify the relation between the two elliptic algebras J7 g , p (s[jv) an d Bq,\{slN)- 

5.1 L-operator 

Definition 5.1 (L-operator) By using the half currents, we define the L-operator L + (v) G 
End^C^) ® U q:P (sl N ) as follows. 



( i F U u ) F U u ) ■•■ F M u ) 



£+(«) = 



\ 



ii 



■ F+ N {u) 
f n-i,n( u ) 

1 

/ 1 

E+ A ( U ) 



J 



( K t( u ) ° 

K+(u) 
\ 











\ 





1 

F t4 u ) 



K+(u) J 







(5.1) 



E N,N-l(u) 1 / 



V^,i(«) £+ 2 (u) 
Here E^-(v), F^v) and K^(v) are the half currents given in Section 4- 

Let (tt z ,V z ), V z = V <S> C[z,z _1 ] be the evaluation representation of Lq(s[jv) based on the 
vector representation V = (see Appendix D). The image of the universal i?-matrix TZ(r, {sj}) 
of Bg ; \(slN) in the evaluation representation (ttv,z <8> 7ry,i) is given by the i?-matrix R + {v, P) in 
(2.15). Then from a direct comparison with the relations of the half currents in Theorem 4.1, 
we conjecture the following property of the L-operator. 
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Conjecture 5.1 The L-operator L + {v) satisfies the following RLL = LLR* relation. 

R^ 12 \v l -V2,P + h)L + ^\v 1 )L^ 2 \v 2 )=L + ^\v 2 )L + W{v l )R + < 12 \v 1 -v 2 ,P). (5.2) 

In Appendix C, we give a derivation of some of the relations among the half currents involved 
in (5.2) and discuss their direct comparison with those in Theorem 4.1. In Section 6.3, we give 
a proof of this statement in the case c = 1. 



5.2 U q:P (sl N ) and B qt \(sl N ) 

Based on the conjecture, we give a relation between C/ giP (sIjv) and B q> \(slN). We argue that 
the RLL relation (5.2) is equivalent to the dynamical RLL relation of B^aCsIjv)- Hence we can 
regard the elliptic currents in U q #(slN) as an elliptic analogue of the Drinfeld currents in U q (slN) 
providing a new realization of the elliptic quantum group Bq^slw). 

In order to show this, we consider the realization of f/ g , p (s[jv) given in (3.78)-(3.81) and 
modify the half currents in such a way that they have no Q^,, rfj (1 < j < N) dependence. Let 
us define the modified half currents kj~(v,P) (1 < j < N) and e^(u, P), fi~j(v, P) (1 < j < I < 
N — 1) as follows. 

k+(v,P) = K+(v)e- Q "j, (5.3) 
e+{v,P) = e Q *i- m E+{v)e- Ql i +Vj , (5.4) 



fi(v,P) = 



(5.5) 



Then it is easy to see from (3.78)-(3.81) and (4.7)-(4.9) that the modified half currents depend 
on neither Q Sj nor rjj and commute with P ? . Vj. We hence regard them as the currents in 
Uq(slm) with parameters P^ j and r. 

Now we define a modified L-operator L + (v,P) by 



L+{u,P) 



( 1 f+ 2 {u,P) /£,(«, P) 

1 f$ 3 (u,P) 



\ 



fl,N^ P ) 



\ 



1 





n-i,n( u i P) 

1 



( k+(u,P) 

k+(u,P) 



\ 



( 



k%(u,P) J 





1 



4 A (u,P) ej 2 {u,P) 



-N,N- 



-l(u,P) 1 J 
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(5.6) 



Then the L-operator L + (v) and the modified one L + (v,P) are related by 

/ e-^i ••• \ 
e~ Q ^ \ 

: '-.0 

e~ Q ^N 



L + (v,P) = L + (i 



V 



o 



N 



L+{v) exp J>«Q, 



(5.7) 



m=l 



) 



Here = h £j ® 1, h €m = —E mrn (a N x N matrix unit). The reader should not confuse h e 
with h Sm , but note hj = -h € . + h Si+1 = —h ej + h € , +1 on V. 



Substituting (5.7) into (5.2) and noting the commutation relations 

P j:l exp ( h?2Q~e m ) = exp { E h?2Q-e m ) (Pj,l + hfj) 

lm=l J lm=l J 



and 



or equivalently 



A? 



.m=l 



= o, 



(5.8) 



(5.9) 



(5.10) 



we can move each factor exp |— Ylm=i ^mQem} (k = 1, 2) to the right end in the both sides. 
We then obtain the following statement. 

Corollary 5.2 The modified L-operator L + (v,P) satisfies the dynamical RLL relation 

fl+(i2)( Vj P + h)L+W(v u P)L + ^(v 2 , P + fcW) = L+( 2 )(t; 2 , P)L + ^( Vl ,P + h^)R + < 12 \v, P), 

(5.11) 

where v = v± — v<i . 

Comparing this with (2.21), we identify our L + (v,P) with L + (v,s) in (2.21) and Sj with P aj . 
Note the parametrization (2.14). As a consequence of this result, we regard the elliptic currents 
Ej(v), Fj(v) (1 < j < N - 1) and ^■(•u) (1 < j < N) in f/ gjP (sijv) as the Drinfeld currents of 
the elliptic quantum group B q> \(slN) up to tensoring with the Heisenberg algebra. Conversely, 
this indicates that £/g, p (sljv) is an extension of the algebra B qt \(slN) by tensoring the Heisenberg 
algebra C{H} generated by {P Sj ,Qej,Vj}- Namely, U qjP (slN) is obtained from B qt \(slN), first by 
tensoring the half of the generators e ra< ^' e mr)l (1 < j,l < N;n,m <G Z), then regarding Sj = P aj 
and imposing the commutation relations (3.66)-(3.71). Hence 

U q , p (sl N ) = B q , x (2 N ) ®c{P Sl ,p g2 ,.,Pt N _ l} (5.12) 
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6 Vertex Operators of Uq^sIn) 

Tensoring the Heisenberg algebra breaks down the coalgebra structure of B q \ (sIn) [12]. But we 
can still define f/<j,p(stAr) counterparts of the intertwining operators of B q \(sIn). We call such 
operators the vertex operators of U qtP (slN). In this section, we study such vertex operators and 
compare them with those of the A^^-type face model obtained in the papers [14, 15]. 

6.1 Intertwining relations 

Here we derive U qjP (slN) counterparts of the dynamical intertwining relations (2.25)-(2.26). In 
the next subsection, we use such relations to derive a free field realization of the vertex operators. 
Let us first define an extension of the U q modules by 

Let &w{ z i P) an d ^wi z -> P) ^ e ^ ne type I an d type II intertwining operators of B q> \(slN) (2.23) - 
(2.24). We define type I and type II vertex operators &w(v), ^w( v ) °^ U qtP (slN) as the following 
extensions of the corresponding intertwining operators of B qi \(slN)- 

&w(v) = $ w (q c z,P) :T^T'®W Z , (6.1) 

N 



= p ) exp j£ h ^ ( :W Z ®T^T'. (6.2) 

From the relations (5.7) and (2.25)-(2.26), the new operators &w(v) and ^^(v) satisfy the 
following "intertwining relations". 

8$(*, 2 )L+ ( V) = Rpw\vi-V2,P + h)L+ {l \v 1 )$> < §{v 2 ), (6.3) 
n {1 \vi)K 2 \v2) = *f\v 2 )Lp 1 \v 1 )R^ 12 \v 1 -v 2 ,P-hW-hM). (6.4) 

Now we restrict ourselves to the vector representation V and investigate the relations (6.3)- 
(6.4) in detail. We denote a basis of V by {v m }^ =1 . In this representation, the .R-matrix 
Ry V (v,P) is given by R + (v,P) in (2.15) and the L-operator L v (v) by L + (v) in (5.1). 

We define the components of the vertex operators by 

$vU-^\ = J2$m(u)®v m , $* v ^ - £±iV Vm <g> •) = V* m (u), (6.5) 

^ ' m=l ^ ' 

and the matrix elements of the L-operator L + (u) by 

L + (u)\j = ^2 v m L + (u) mj . (6.6) 

Km<JV 
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Using these components, the equation (6.3) is read as follows. 



$m (v 2 ) L+ = p+( Vl -v 2 + 1/2)L+ .( Vl )$ m (v 2 ) , (6.7) 
P + { Vl -v 2 + l/2)~ 1 ^ m (v 2 ) L+(vi) 

= b( Vl -v 2 + 1/2, P; >m + h hm )L+{ Vl )^ m (v 2 ) 

+c(«i - u 2 + 1/2, i^n + fy, m )L+^i)^ (wa) , (6.8) 
/9 + (fi - v 2 + 1/2)" 1 *, fa) L+^-fa) 

= 6(vi - t; 2 + l/2)L+ i (t;i)$ i fa) + cfa - i> 2 + l/2,P/, m + fy,m)£jfa)$ m fa) , 

(6.9) 

for 1 < I < m < N and 1 < j < N. For the type II, we have the following set of the equations 
arising from the equation (6.4) 

= P+*fa - v 2 + l)V* m (v 2 )L+ m ( Vl ), (6.10) 
p + *(v 1 -v 2 + l)- 1 L+(v 1 )** rn (v 2 ) 

= tf^fajL+fa^fa - i> 2 + l,P,, m ) + tf;fa)L+ m fa)c*fa - t; 2 + l,P,, m ), (6.11) 

/0 +*(t, 1 - V2 + i)- i L+ n ( V1 )*r^2) 

= tf;fa)L+ m fa)6*fa - v 2 + 1) + ^fa)L+fa)c*fa -v 2 + l, P hm ), (6.12) 

for 1 < / < m < N and 1 < j < N. 

Let us investigate equations (6.7)-(6.9) in detail. From the component j = m = N of 
equation (6.7), we have 

$ N (v 2 )K+( Vl ) = P + (v! - v 2 + ^ K+(vi)* N (v2). (6.13) 

Setting l<j<m = Nm (6.7), we have 

$ivfa)^-fa) = E+/ Vl )<S> N (v 2 ). (6.14) 

The following relations turn out to be sufficient conditions for (6.14) to hold. 

^ N (v 2 )E j (v 1 ) = E J (v 1 )^ N (v 2 ) (l<j<N-l). (6.15) 

Next let us consider the component I < m = j = N of equation (6.8). We set 

„» . -t±i, (6.10, 
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Then (6.8) with m = j = N can be written as 

<p( Vl -v 2 + 1/2) <f> N (v 2 ) F+ N { Vl )K+( Vl ) 

[Pi,N + h l ,N-l][Pi,N + hi, N + l][v 1 -v 2 + l/2] + + 



[Pl, N + hi ; N 
[Pl,N + K N + V! -V 2 + l/2} [1] 



tf£M*J ("2) • (6-18) 



[^P/.jv + h,N] 

In order to solve (6.18), let us assume that the operator product K^(vi)<&n(v 2 ) does not have 
a pole at v\ — v 2 + 3/2 + r = 0. Later we will check that, for c = 1, this assumption is satisfied 
in a free field realization. Then from relations (6.13) and (6.16), we conclude that the product 
&n{v2)Kn(vi) in the LHS of (6.18) has zero at V\ — v 2 + 3/2 + r = 0. Therefore, setting 
v i — f2 + 3/2 + r = 0in (6.18), we have 

*,(!*) = k% fa)- 1 + h J h N ± 1] Ffr ( Vl ) if +M<M^) 

[Pj,N + hj,N\ 

= F+ N (v2-l/2-r)* N (v2) (1<Z<JV-1). (6.19) 

Note that the shift of v by r in F^fa yields a change of contour (see (6.42)). Substituting 
(6.13) and (6.19) into (6.8) for I < m = j = N, and using Riemann's theta identity, we find that 
(6.19) and the following relations are sufficient conditions for (6.8) with I < m = j = N. 

F N -i(vi)^n(v 2 ) = ^ 1 ~ V2 + l\ * N (v 2 )F N - 1 (v 1 ), (6.20) 

[Vi - V 2 - 2I 

F 1 (v 1 )* n (v 2 ) = *n(v 2 )F 1 (v 1 ) {l<l<N-2), (6.21) 
[*N(v),P jt k + hj,k] = Sk,N$N(v) (j < k). (6.22) 

In the next section, we construct a free field realization of the type I vertex operators using 
relations (6.13), (6.15) and (6.19)-(6.22) for c = 1. We then check that the resulting vertex 
operators satisfy the remaining relations in (6.8) and (6.9). 

Similarly, from the j = m = N component of (6.10), we have for the type-II vertex operator 

K+( Vl )V* N (v 2 ) = p + * ( Vl -V2 + 1) V* N (V2)K+( V1 ) (6.23) 

and from the 1 < j < m = N component of (6.10), 

F+ N ( V1 )V* N (V2) = ** N (V2)F+ N ( V1 ) (l<j<N- 1). (6.24) 

We find the following as sufficient conditions for (6.24). 

FjWVMvz) = nMF^) (l<j<N- 1). (6.25) 
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To solve equation (6.11) with I < j = m = N, we assume that the product ^* N (v2)K^(v\) 
has no pole at v i — V2 + 2 + r* = 0. Then the product K^(vi)^* N (v2) in the LHS has a zero 
at v i — V2 + 2 + r* = for the same reason as the type I case. Therefore, from (6.11) with 
I < j = m = N and setting v\ — V2 + 2 + r* = 0, we have 

*,» = (f " ^ ~ r*) (1 < I < N - 1). (6.26) 

Then (6.26) and the following relations turns out to be the sufficient conditions for (6.11) and 
(6.12). 

i^-iM^M = h'^'C nM^-iM, (6-27) 

= n^2)^(^i) (1 < j < iV - 2), (6.28) 
m(v),P jtk ]=8k,N*Mv) (j<k). (6.29) 

6.2 Free field realizations 

Now we construct a free field realization of the vertex operators fixing the representation level 
c = 1. For this purpose, we first consider the simple root operator ctj introduced in Section 
3.4.1. We make the following standard central extension. 

[aj,a k ] = mAj k . (6.30) 

Setting a.j = ctj + ctj where ctj is an element of the Heisenberg algebra C{H}, we have 

[&j,a k ] = inAjk + ^ (8j,k+i - £j,fc-i) log q, (6.31) 
[h Sj ,&k] = Sj^k + 8j t k+i, (6.32) 
[Qej,&k] = -- (5j,k + Sj,k+i) log q, (6.33) 

[Q aj , o.k] = ^ (<*j,fc+i ~ S j,k-i) log Q, ( 6 - 34 ) 
[&j,Pe k } = 0. (6.35) 

Then the following statement holds. 

Proposition 6.1 The currents Ej(v) and Fj(v) given by 

\rm], 



Ej{v) = :e^[-Y J ^^{-BL + B^ 1 ){q N ^z)- m \:e^z^e-^{q-^ N z)- 

flL\i 1 1 tin 

m^O L lq 



(6.36) 



Fj(v) = :exp[ £ + B£ + %"~ J *)~ m ) : e - & * z~ h * (q-* +N z)^ 1 * 1 ? , (6.37) 
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together with H^(v),Kj(v) given in (3.80)-(3.81) satisfy the commutation relations in Proposi- 
tion 3.7 for level c = 1. Hence they give a free field realization of the level one elliptic algebra 

Now substituting the free field realization of Ej(v), Fj(v), Kj(v) into (4.7)- (4.9), we obtain a 
realization of the half currents Ej~(v), Fj~(v), K^{v) as well as the L-operator L + (v ) satisfying 
the i?LL-relation (5.2) for c = 1. Using such a L-operator in the "intertwining relations", (6.13)- 
(6.22) for type I and (6.23)-(6.29) for the type II, one can solve them for the vertex operators. 
The results are stated as follows. 

Theorem 6.2 The highest components of the type I and the type II vertex operators $n(v), 
^* N (v) are realized in terms of a free field by 

$ N {v) = : exp I - -B^z-' m J : e^- 1 z^'^n z ~^n z^^r , (6.38) 

= :exp| y [rm] \ B^z-A :e-^-^-^ e g^ z ^z( 1+ ^^^4)¥, 
where (6.39) 

Ajv-i = —(& 1 + 2a 2 + --- + (N-l)a N - 1 ). (6.40) 

For the other components of the type I vertex operator $j(v) (j = 1, ■ ■ ■ , N), we obtain from 
(6.19) 

f N ^ dz 

$j(v) = a jtN f n T -! !I! -$N(v)F N - 1 (vN-i)---F j (v j ) 
Jc m ■ ^~iz m 

x j-j [Vm+l — v m + Pj,m+1 + fy?',m+l ~ \] [1] 



[Vm+1 -V m + ^][Pj,m+l + hj, m+ l] 

I N ~ X dz m 

a 3,N j> II 2^~ Fj ^^ ' ' ' F N-i{vN-i)®n{v) 



m=j 

n[ v m+l — V m + Pj jJn +i + hj :Tn +i — tj][1] 
f TTTd i ' (6.41) 

where v = vn and the integration contour C is specified by the condition 

\q- l z\ < \z N -!\ < \p" l q~ l z\, (6.42) 
\pqz m+ i\ < \z m \ < \qz rn+1 \ (j < m < N - 2). 
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For the type II vertex ^*~(v) (j = 1, • • • , N), we obtain from (6.26) 



a j,N 



N-l 

n 



27riz f 



-Ej(vj) ■ ■ ■ E N -i(v N -i)^%(v N ) 



N-l 

n 

m=j 



[Vm+1 -Vm- Pj,m+1 + 2H 1 ]* 
[Vm+l ~V m + \]*[Pj, m+ l ~ 1]* 



JV-1 

n 



dz„ 



N-l 

n 

m=j 



[V m +1 



^(ujv)-E'jv-i(wjv-i) ■ 



[u m+ l - W m - 2]*[-Pj,m+l - 1]" 



(6.43) 



The integration contour C* is specified as follows. 

\p*q~ 1 z m+1 \, Ig^m+il < \z m \ < \qz m+ i\, \p*^qz m+1 \ (j < m < N - 1). (6.44) 

Here the integration variable z m (j < m < N — 1) should encircle the poles p*q~ 1 z m+ i, q~ l z m+ \ 
but not the poles p*~ l qz m+ \, qz rn+ \. 

In addition, we have the following commutation relations. 



Proposition 6.3 



The highest components <&n{v) and ^* N {y) satisfy 

[$N{v),P h j 2 \ = [* N (v),P n , J2 + h juJ2 ] = 0, 

® q 2 N (qz) 



(6.45) 
(6.46) 

Remark The free field realizations of the vertex operators in Theorem 6.2 are essentially the 
same as those of the A^^-type face model obtained in [14, 15]. There are two differences 
between ours and those in [14, 15]; the choice of the gauge expressing the .R-matrices and the 



zero-mode operators. Due to our gauge, we have the extra factors J] 



N-l 



[1] 



[p. ^-ij* m the type I and the type II vertex operators, respectively. As for the zero- 
modes, the correspondence between ours , , hj , dj and those in [14, 15] , P aj , P UN , Q aj , Q U}N 
is given by 
/ 



mi 



m =3 [Pj,m+l+hj,m+l] 



and 



r~ p 



r p 



\ \/J*P^N J 



Zlh . 

r 'h 



. p 



\ 



—h- --P- 

hj - 7^ Pa j 



( iM 



■Qaj 

'Qlum 

iy^p^QujN J 



( 



OLj 



A N - 



\ 



N-l 



a.j 



(6.48) 



\ Ajv_i - Q- tN J 



One should note that to define the currents Kj(v) by factoring the operators Hj(v), the use of 
two sets of the Heisenberg operators {P Sj ,Q Sj } and {hj,&j} are essential. 
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6.3 Commutation relations 

We next investigate commutation relations of the vertex operators and show that our realization 
satisfies the full intertwining relations for c = 1. 

Theorem 6.4 The free field realizations of the type-I vertex operator 3>^(u) (6. 41) and the 
type-II vertex operator ^^(v) (6.43) satisfy the following commutation relations. 

N 

<fr>2)<I>>i) = £ ^ 2 (v 1 -v 2 ,P + h)^,(v 1 )^ f2 (v 2 ), (6.49) 

JiJ'a=l 
N 

**>i)** 2 M= £ ^(v 2 )^,( Vl ) R;lf( Vl -v 2 ,P), (6.50) 
*,(«i)^(«2) = x(«i - t> 2 ) n(«2)*,-(fi)- (6.51) 



//ere we set 



with 



R(y,P + h) = fi(v)R(v,P + h), R*(v, P) = n*(v)R*(v, P), (6.52) 



{pz}{q 2N z}{pq 2N - 2 /z}{q 2 /z} ' 



(6.54) 



and ^*(-u) = n(v)\ 7 



Proof. Using the formulae (6.19)-(6.22) and (6.26)-(6.29), the commutation relations (6.49) 
and (6.50) are reduced to the relations among the half currents (B.l), (B.2), (4.19) and (4.20). 
Then the proofs of the latter relations are given in Appendix B. 

Let us consider the relation (6.51). The case j = N or k = N is a direct consequence of 
(6.14), (6.24) and (6.46). The simplest non-trivial case is j = k = N - 1. From (6.19), (6.26) 
and (3.84), we have the following equation after integrating the delta functions. 

^jv-i(wi)*Ar_i(v2) - X («i - v 2 ) *Jr_i(v2)*jv-i(ui) 

a N-i,Na* N ^ N 
= _ 1 ^n{vi)^ n (v 2 ) 

dz' . f , l\[v 2 -v f -P N - 1 , N ]*[l]*[v 1 -v' + P N - 1 , N + h N - ltN -\][l] 

~,tl iv_i " T 



c+ 2mz> V 4; [ V2 -v>- 1]*[P N -i,n - l]*[vi - «' + i][Pv-i,7V + hjv-i,iv] 

tfe' / ,_ 1^ h-u'-Piv-i,JV + l]*[l]*bi-v / + Pjv-i,Ar + /iiv-i,JV-5][l]' 



c _ 2vriz' ^ V 4; [ U2 - t/]*[P,v-i,iV - l]*[ Vl - v' + ^[Pjv-i.n + ^at-i,jv] / ' 

(6.55) 
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The contours are specified by 

C+ : \qzi\, \q~ 2 z 2 \ < \z'\ < {p^qzil, \p*~ 1 q~ 2 z 2 \, \p*~ 1 z 2 \, (6.56) 

C_ : \qzi\, \z 2 \ < \z'\ < \p~ 1 qz 1 \, \p*~ 1 z 2 \, |g _1 2;i|, \q 2 z 2 \. (6.57) 

Here the conditions \z'\ < \p~ 1 q~ 1 Zi\, \p*~ 1 z 2 \ for C + and \z'\ < \q~ 1 zi\,\q 2 z 2 \ for C_ are 
added because of the convergence of the operator product ^at^i)^^^)-^^-].^' + 1/4) and 
^n(^i) 1 ^'*n( v ^)^n-i( v ' ~ 1/4), respectively. Changing the integration variable z' — > pz' in the 
second term and using the periodicity of [v], [v]* and the relation Hjj_ l (v'+r—\) = H^_ 1 (v'+j), 
we see that the integrand in the second term coincides with the one in the first term but the 
contour in the second term is changed to 

C_ : IjTViI, |p* _1 <r 2 22| < \z'\ < \p~ 2 qzi\, \p*~ 2 q~ 2 z 2 \, \p*~ 1 z 2 \. 

Here C_ encircles the same poles as C+. In addition, C_ would encircle two extra poles at 
z' = p _1 qzi, p*~ 1 q~ 2 z 2 , if the operator product ^^(vi)^f : ^(v2)H^_ 1 (v' + j) had no zeros which 
cancel these extra poles. In fact, the operator product does have zeros at the required points. 
Therefore the RHS of (6.55) vanishes. The proof for the general 1 < ji,j 2 < N — I case is 
similar. 

Q.E.D. 

Now let us investigate the intertwining relation for level c = 1. For this purpose, we remind 
the reader of the fact that in the trigonometric case, i.e. U q (siN), the L-operator can be con- 
structed as a composition of type I and II vertex operators [17, 18]. The following theorem is 
an elliptic analogue of such a construction. 

Theorem 6.5 For c = 1, the L-operator L + {y) is given by a product of the type-I and type-II 
vertex operators. 

L%{v) = ^ n(v + r)^ (v + r + £) (l<j,k<N). (6.58) 

Here we set 

(a 2 -a 2N ) 

9N = Wiq^U- (6 ' 59) 
Proof. For the special component j = k = N of (6.58), we have 

k n( v ) = 9nV*n(v + r)$N (v + r + ^j- (6.60) 
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This is a direct consequence of (6.38) and (6.39). Let us consider the j < k = N component of 
(6.58). After a few calculations using (6.24) and (6.60), we can reduce this to relation (6.19). 
Similarly, the N = j > k component of (6.58) is reduced to relation (6.26). 

Next, let us study the simplest non-trivial component j = k = N — 1. From (6.19), (6.24)- 
(6.28), (3.89)-(3.90) and (3.84), we have the following equation after integrating the delta func- 
tions. 

9n**n-i(v + r)* N -i(v + r + 1/2) - F+^^K+^E+^v) 

0'N-l,NO'N-l,N 

q - q- 1 

v 1 1 -^H+ (-,' i l \ K+M [V ~ V '- Pn ^ N ± 1] * [1] > ~ V ' + Pn ~^ N ± ^IzMM 
\J c+ 2iriz> + 4j N[V> [v-v' + l]*[P N ^ N -l]*[v-v'][P N ^ N + h N ^ N ] 

I dz' f , 1\ . [v-v'-PN-i,N + 2}*[l}*[v-v' + PN-i,N + h N - ltN }[l} \ 

f c _27riz' A) n[V) [v-v> + 2]*[P N - 1 , N -i\*[v-v>][P N - 1 , N + h N - 1 , N ] J' 

(6.61) 

Here the contours are 

C+ : \pz\,\p*z\ < \z'\ < \z\, (6.62) 
C_ : \pz\ < \z'\ < \z\, \q 2 z\. (6.63) 

Changing the integration variable z' — > pz' in the second term and using the periodicity of 
[v], [v]* and the relation HJ^_ 1 (v' + r — 1/4) = H~^_ 1 (v' + 1/4), we see that the integrand in the 
second term coincides with the first term, but the contour in the second term is changed to 

C_ : \z\ < \z'\ < \p^z\, Ip*" 1 ^!. (6.64) 

The contour C_ encircles the same poles as C+ together with one additional pole at z' = z. 
Hence the RHS of (6.61) becomes the residue at z' = z. We thus obtain 

9n^n-i(v + r)* N -i(v + r + 1/2) = F+^^K+^E+^v) + K+^v). (6.65) 

The RHS coincides with the (N — 1, N — 1) component of L + (v ). The proof of the general case 
1 < j, k < N — 1 is similar. 

Q.E.D. 

Corollary 6.6 For c = 1, the L-operator L + (v) satisfies the RLL = LLR* relation (5.2). 
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Proof. Let us substitute the expression (6.58) into the LHS of (5.2). Then using the commu- 
tation relations of the vertex operators (6.49)-(6.51) and the formula 

p+(v) _ p + (v) x{\~v) 



P +*{v) p+*(v) x a+ v y 



one gets the desired result. 



In the same way, we have 



(6.66) 



Q.E.D. 



Corollary 6.7 For c = 1, the type-I and the type II vertex operators Qy{y), ^>y{v) satisfy 
the full intertwining relations (6.3) and (6.4) with V = W = C N . 
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A Operator Product Expansions 

Here we list formulae of operator product expansions (OPE) used in Section 3.3 and 6.2. For 
operators A(z), B(z), we write 

A( Zl )B(z 2 ) = (A( Zl )B(z 2 )) : A{ Zl )B(z 2 ) : . 

(I) In Section 3.3, we used the OPE's of the currents tpf(z,p) (3.24)-(3.25) and kj(z,p) (3.43) 
for generic c: 

lk-(z, v)k-(z, v)) = ^ 2 ^/^)^ 2jV " 2 ^/^)^^^/^)^^^/^)* fA 1) 

KKA Z imK Z 2 ,P)) {pq 2N Z2 / Zl}{pZ2 / Zl}{p * q 2 Z2 / Zi y {p * q 2N-2 Z2 / Zi yi ^> 

» , x. ( » { Pq 2N+2 z 2 /z 1 }{ Pq * N - 2 z 2 /z 1 }{p* q > N z 2 /z 1 y 2 

^ h { Zl ,p)K j2 yz 2 ,p)) - {pq 2N Z2 / Zl} 2 {p * q 2N+2 Z2/zi y {p * q 2N-2 Z2/zi} * Ul < 32), 

(A.2) 

/, / n, / n\ {pq 2 z 2 /zi}{pq- 2 z 2 /zi}{p*z 2 /z 1 Y 2 

{k j2 ( Zl ,p)k h {z 2 ,p)) = — — — - Ui<j 2 - (A.3) 

{pz 2 /z 1 } 2 {p*q z z 2 /zi}*{p*q l z 2 z\\* 
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/, + / w + / u (pq 2 Z2/zi;p)oc(p*q 2 z2/zi;p*)oo 

W {ZUP)^ (Z 2 , P) ) = ^2^.^^.^ 

<V>- ( Zl , P W j+1 (z 2 ,p)) - {pqZ2/zi . pU{p * q -i Z2 / Zl . p * W 



. + , f , (gg 1 Z2/zi;p) 00 ip*qz 2 /zi;p*) o 

Wl+Mm = s^rw • (A - 6) 



(II) In Section 6.2, we used the OPE's of the currents ^(w), if^(u) for 

c = 1. We here list their boson part only. Namely, let us define the boson part of them by 

<M«)=:exp(-^l<z— I (A.7) 

r N {v) =: exp f £ 4^V^-™ ) :, (A.8) 

e» =: exp ( - £ + fl* 1 )^*)-™ ) :, (A.9) 

/» =: exp ( £ ~(~ B ™ + B£ l ){q N -iz)-A : . (A.10) 



Then the OPE's of them are given by 

(q N -^ 1 z 2 /z 1 ;p) c 



<K+M/> 2 )) = 



{q N -i- 1 z 2 /z l] p) 00 
(q N -i- 3 z 2 / Zl ;p)c 



. + , , N _ (q-x+i-^/z! ;p) c 



(/ 3 K)4ife)) = 



(9-^-3^/^1^)00 



(K+^e^)) 



( (? ^- 2 z 2 /z 1 ;p*) 0O 



{q N -iz 2 / Zl ;p* 
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A.ll) 
A.12) 
A.13) 
A.14) 

A.15) 
A.16) 
A.17) 
A.18) 

A.19) 



(<(> N (vi)K+(v 2 )) 
(K+(v2)Mvi)) 



{q- 1 z 1 /z 2 }{q^z 1 /z 2 y 
{pq 3 z 2 /z 1 } {pq- 1 z 2 /zi\ 

{pqz 2 /z 1 } 2 
{q^z./z^jq^z./z,} 
{q™- 1 z 1 /z 2 }* 

{p*q 2 z 2 /z 1 y{p*q 2N + 2 z 2 /z 1 y 
{p*q 4 z 2 /z 1 }*{p*q 2N z 2 /z 1 }* 

{q- 2 z 1 /z2}*{q 2N - 2 z 1 /z 2 }* 
VW ' " {zi/z 2 y{q 2 ^ Zl /z 2 }* ' 
{p*q 2 z 2 /z 1 }* 2 
{p*q A z 2 /zi}*{p*z 2 /zi}* ' 
{q 2N - 2 z 1 /z 2 }* 2 



(K+( V2 )r N (vi)) 
(KHv 2 )r N (vi)) 



{fN-l(vi)<f)N(v 2 )) 
(4>N(vi)fN-l{v 2 )) 

(eiv_i(ui)^(«2)> 
(4>*N( v i)eN-i{v 2 )) 

{<Pn{vi)4>n{v 2 )) = 

(r N (v2W N (vi)) = 

(4>n(vi)i/)* n {v 2 )) = 
(^*n(vi)4>n{v 2 )) = 

(ej(vi)ej(u2)) = 
(e j (v 1 )e j+1 (v 2 )) 



{q 2N z x lz 2 y{q 2N -^z x lz 2 y 
(pq~ 1 z 2 /zi;p) 

■DC 



(qz 2 /zi;p) 
{pq- l z 2 /zi;p) 



■DC 



{qz 2 /z 1 ;p) 00 
(p*qz 2 /zi; 

P Joo 



(9 1 32 /Zl ;P*)oo' 

_ (p*qz 2 /z 1 ; 

P Joo 

(g _1 z 2 /2;i;p*)oo' 

{ M 2jV - 2 z 2 A 1 }{g 2 z 2 /z 1 } 
{q 2N z 2 /z l }{pz 2 /zi} 
{p*q 2N z 2 /z 1 y{z 2 /z 1 y 

{p*q 2 z 2 /z 1 }*{q 2N - 2 z 2 /zi}* ' 

(qz 2 /z 1 ;q 2N ) O0 
(q 2N ^z 2 / Zl ;q 2N : 



loo 



00 



(qz 2 /z 1 ;q 2N ) oc 
(z 2 /z 1 ;p*) OQ (q~ 2 z 2 /zi; 

P Joo 

(p* q 2 z 2 /zi ; p* ) oo (p* z 2 /zi ; p* ) c 
(p*qz 2 /z 1 ; 

P Joo 



;oo 
)oo 



(9 ^2M;p*) t 
, / \ / \\ (p*qz2/zi;p*) 00 



(pz 2 /z 1 ;p) 00 (pq 2 z 2 /z 1 ;p) 00 ' 
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B Proof of the Relations (4.17)-(4.18) and (4.19)-(4.20) 

Let us consider the relations 

K+(v 2 )- 1 E+(v 1 )K+(v 2 )E+(v 2 ) = K+(v 1 )- 1 E+(v 2 )K+(v 1 )E+(v 1 ), (B.l) 
F+iv^K+^F+iv^K+iv,)- 1 = F+{v 2 )K+{v 2 )F+{ Vl )K+{v 2 y\ (B.2) 

for 1 < j < I < N. Then the relations (4.17) and (4.18) follow from these relations and (4.15), 

(4.16). In this Appendix, we give proofs of the relations (B.2) and (4.20). The proof of the other 
cases (B.l) and (4.19) are similar. 
Let us set 

[v + ±-w] 

f(v,w) = — j— , (B.3) 

l v - 2 \ 

«.) = j£f (B.4) 

Recall that the half current Fj~ L (v) is given by 

x TT f(v m - V m+1 ,TT m+1J )- -, (B.5) 

£±j Fm+l,j - <W-lJ 

where we set vi = v + l ~ r 2 I ~ 1 ■ Recall also z m = q 2Vm and ttij = Pjj + hjj. We call 
Fj_ 2 (u/-2) • • • ^j(vj) the operator part, and Ilmlj /( v ™ - v m+1 , n m+1;j ) [ nm+1 j 1 } Srn the coef- 
ficient part. We keep coefficient parts in the right of operator parts. In the coefficient part, We 
represent f( v m ~ v m +i, ^m+i,j) by the diagram 



- fj + l ••• - u z . 



According to the relation (3.83) with % = j, we have the equality 
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when the integration contours for Zj and z'j are the same. We define 'weak equality' in the 
following sense [14]. The two coefficient functions A(vj,v'j) and B(vj,v'j) coupled to Fj(vj)Fj(v'j) 
in integrals are equal in weak sense if 

A( Vj ,i/j) + h{v'j - v^Aiv^Vj) = B(vj,i/j) + h{v'j - v^B^Vj). 

We write the weak equality as 



To prove the equality (B.2) and (4.20), it is enough to show the equalities of coefficient parts 
in weak sense. 

Let us recall the following two lemmas [14]. 



Lemma B.l The coefficient function 



o 



v 3+l 



Vl-2 Vl-1 



V 



1"i-2,n , 7r i-l,, 



"1-2 



(B.6) 



is invariant in weak sense when vi-i and v' l _ 1 are exchanged. 



Lemma B.2 



, 17c,j+l ""fc+lj 7r fc+2,j 
•f^-l «fc Vk+1 ► 



Vl-2 — Vl-1 







Tfc+2,fc 



\. 



Wfc-i * "fc " v fc+i * 



«i'-2 ^ 



7Tfe + 2,fc 



l(vi-l -v'l- V K ktj ) 

Tfc,j , Tfc+l,j , *"fc + 2,j 



y fc-l 



Ti-2,fc 



T(-l,fe 



"i'-l 



7r i-2,J / ""i-lj / 
Vj-2 V l-1 



Vk 



Vk+1 



7Tfe + 2,fe 



Vl-2 



"7-1, fc 



(B.7) 
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where 



[v][w-l] [v + w][l] 

0(V,W) = r ; 11r — , J{V,W)- 



[v + i][wy ,v "'~ y [u + i]H' 

Now let us show the relation (B.2). By using (3.91)-(3.93), (3.83), (4.3) and (4.5) in the LHS 
of (B.2), the operator part can be arranged to iVi(^-i)^-iK_i)^-2(«Z-2)^-2K_2) ' ' ' F j( v j) F j( v j)- 
Then the coefficient part is given by the product of the factors Ft-i t -- 

111 J [TTm + l,j -L 

and the one represented by the diagram 



-25fcj_i][7r m +l,j — 25fcj_i] 



*3 + l,j- 



1 1"j + 2,3-l 
— V j + l - 





""j+2,j 



«/-2 ► 

7r i-2,M / 



- Wj-l 



2 



"J- 



(B.8) 



The relation (B.2) denotes that (B.8) is invariant, at least in weak sense, when vi and v[ are 
exchanged. Applying the Lemma B.l to the corresponding part of (B.8), it is enough to show 
the weak equality for the rest part 



- v u n hj - 2)/(t; z / „ 1 - v[, TTlj - 1)/K_! - Vl, 2) 

~ - ^,7TiJ - 2)/(u,'_ 1 - Uj,7Tij - 1)/K_i - ^,2). 



(B.9) 



Let us set t> = vi-i,v' = vi-i,w = ttij and denote the LHS and the RHS by A(v, v') and B(v, v'), 
respectively. Then from the theta function identity such as (4.24), we have 

A(v .ft R(v 7 /a _ [v-v' + % + v'-vi- vj ~ Hh ~ tfl[w ~ 2] 

[U - UJ - " V[ -2\[V- v\ - ^\[V' -VI -2] 

Then it is easy to show 

h(v' - v)(A(v', v) - B(v', v)) = -(A(v, v') - B(v, v')). 

Therefore we get the weak equality (B.9). 

Next we prove (4.20) (j < k < I). The equality follows from the weak equality (A)+(B)+(C)~0, 
where 



(A) 



v k-i 



" V l-2 " " Vl 



Vk 



Vk+1 



1"fc+2,fc 



(B) = -b{v[ - V h TT K 



"7-1, fc 



^-1 



Ti.fc — 1 
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i4_i ffe ►- ^fc+i ► 



Vl-2 + ^-1 v'i 



(C) = -C(U / / - Vl,TT k ,j) X 



n k+2, : 



J k-l 



J k+l 



«I-2 



4-1 



Tl,fc — 1 



v[-2 * V l 



Vk 



Tfc+l,fc 



^Z-2 



"7-1, fc 



^-1 



Ti.fc — 1 



(B.10) 



Using the weak equality in Lemma B.2, we modify (-B) to (j4') + (C) where 
-vi,TT kJ ) [ir kjj ] 



(A') = 

" «fe " U fc + 1 ^ 



*"J-2,j / 
^ Vl-2 



* - V 



Vk 



(C) 



^Z-2 



_ b{ V [ - Vl, 7r fcJ )7(u,_i - TTfcj) [TTfcj] 



X 



Tfc, 



Tfe+l,j 



*"J-2,j 



ff-l,fc 



«J-1 



Ti.fc — 1 



Ti.fc — 1 



y fc-l 



Tfc+l,fc 



1"fc+2,fc 



^Z-2 



Tj-l,fc 



u z- 



Noting that h(vi-\ — v' l _ 1 )f3(v' l _ 1 — vi-i,w) = /3(u/-i — we can exchange -uz-i and 

in (A'). Let (A") be the term we thus obtain. Note that (A') ~ (A"). Using the equality 

-/ / x b{v[-v u w) H , 

- 4_!,^) fa + 1] 
^ [l]fa - v'i + "i-i - v'l-iM - vi-i + |]fa - vj-i + |] 

fa-i - - ^z + i]K_i - vj - llh-i - ^ - 1] 



we have 



(A) + (A ) = 



,n I 1 ! fa - u i' + - "i-ll fa - + 5] fa' - + 



fa-i ~ v 'i-\\ fa - v j + ^fa-i ~ ^ ~ ilfa-i - v 'i 



I ll 



w fc-l ^fc ' 



Tfc + l,fc 



™l-2,k 



Vl-2 



Vl-2 



17-1, fc 



V Z-1 



^-1 



(B.ll) 



Ti.fc — 1 



^Z- 
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On the other hand, to calculate (C) + (C), we use the equality 

c(vi- 1 -v' l _ 1 ,w 1 )b(v' l -vi,w 1 ) [u»i] , , 
(3{vi-i -v'^wi) [lOl + 1J 

-cK - Vl,Wl)f(vi-i - v[, W 2 - - Uj, 101 + 102 - 1) 

= [1] [Vj - V[ + Vl-l - Vj_^ h-1 - «j + I - W 2 ] \v\_i -V[+1-Wl- W2\ 

h-i - wj'-JK' - v i + AW1-1 -vi- \]{vi-i - v[ - \] 

[l][vi - v[ + vi_i - u^J^-i - vi + I - w 2 ][v' l _ 1 - v[ + I - Wl - w 2 ] 



Then we have 

(C) + (C) - 

Vk-1 




[Vl-l - - VI + - V/ - - «( - i] 

• • " «i-2 ^ ^ v l 



(B.12) 



U/-2 



Comparing (B.ll) and (B.12), we have (A) + (A") + (C) + (C) = 0. 



C RLL = LLR* Relation 

We here derive some of the relations of the half currents involved in the i?LL-relation (5.2), and 
compare them with those in Theorem 4.1. 

From the definition (5.1), the components of the L-operator L + (v) are given by 

N 

L+(v) = K+{v) + £ F+ m (v)K+(v)E^, (C.l) 

m=l 

1 K^tM + TZLk+l ^m(««(«)<l ( fc > 0- 
It is convenient to introduce the reduced i?-matrix and L-operators, R + (v, s\j) and L + (w|j) (1 < 
3 < N), by 

(C.3) 

£ + W) = (££W) WSK - (c.4) 

Then the inverse of L + {v \j) is given by 

l+Hj)- 1 

(C.5) 
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Here we omitted the argument v and set 

X M = ^ + i(^ + + i, j+2 W " *£ +2 («)> ( C - 6 ) 
VM = E J~ + 2, j+ i(v)E+ +hj (v) - Ej- +2J (v). (C.7) 

Due to the speciality of the form of the i?-matrix (2.16), we have the reduced relation 

R +(h2) (u> p + h \ j)L HD {n | j)L +(2) {V2 1 i} = L +(2) {V2 m+ (l) {vi m *+ K m (C 8) 

In the below, we use this rather in its inverted form 

^ +(1) (^ib')- 1 ^ +(2) (^U)- 1 ^ +(1 ' 2) (^,^ + ^li) = i?*^ 1 ^^,^^)^^^^-)- 1 ^^^!^)- 1 , 

(C.9) 

^ +(2) (^-2 1 J)"' ^ +(1 ' 2) ^ + (^1 1 J) = (^1 |j)^* +(1 ' 2) .P|i)^ +C2) (^2 1 J)"' • 

(CIO) 

C.l Relations among i^ + (t>)'s 

Now some of the relations among Kj~(v) (1 < j < N) are derived as follows. The (N, N), (N, N) 
component of the RLL = LLR* relation (5.2) yields 

K+( Vl )K+(v 2 ) = p( Vl - v 2 )K+(v 2 )K+( Vl ). (C.ll) 

Similarly, the component of the L^L^R = R*Lj 1 Lj 1 relation (C.9) (1 < j < N-l) 

yields 

K+( Vl )K+(v 2 ) = p( Vl - v 2 )K+{v 2 )K+( Vl ) (C.12) 

and the (N,j), (N,j) component of the Lj^-RLj = L,jR*L^ x relation (C.9) (1 < j < N - 1) 
yields 

KfwK+w = P { V1 - ^ 2 ) {" 1 "" 2 1 ;J r[ T' ; i! ^ (i;2) ^ (z;i) - (c - 13) 

J [Vl — V 2 \ *[Vl — v 2 — L\ J 

These relations coincide with the relations (4.13) and (4.14). 
C.2 Relations between K^(v) and E^j -{y) 

The (N, N), (N,j) components of the RLL = LLR* relation (5.2) (1 < j < N - 1) yields 

K+M-^WK+M = E+jM* - ^M ^^^y . (C14) 

' J ,J b*(vi—v 2 ) ' J b*(vi — v 2 ) 

This coincides with the case I = N of (4.15). 
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C.3 Relations between K^(v) and Fj~ N (v) 

The (N,j), (N, N) components of the RLL = LLR* relation (5.2) (1 < j < N - 1) yields 

K(vi)F+ N (v 2 )K+(v,)- 1 = TT^—^iv,) - ~ C{V1 -^^ N+ ^ N) F+ N { V1 ). (C.15) 

J ' 0{Vi — V2) J b(Vi — V2) J 

This coincides with the case I = N of (4.16). 
C.4 Relations among E^(vYs 

The (N, N), component of the RLL = LLR* relation (5.2) (1 < j < N - 1) yields 

K(vi)E+ d (v 1 )K+(v 2 )E+ d (v 2 ) = p( Vl - v 2 )K+(v 2 )E + N /v 2 )K+(v 1 )E+^v l ). (C.16) 

The (N,N),(k,j) component of the RLL = LLR* relation (5.2) (1 < j, k < N - 1, j ^ fc) 
yields 

p+( Vl - v 2 )K+(v 1 )E^ tk {v 1 )K+{v 2 )E+ >j (v2) 

= K+{v 2 )E+^v 2 )Kj J {v l )E^ j {v l )Rl)\v 1 - v 2 , P j:k ) 
+K+(v 2 )E^ J (v 2 )K+(v 1 )E^ k (v 1 )R*l\v 1 - v 2 ,P j>k ). (C.17) 

After a little calculation using (4.13), (C.16) and (C.17) coincide with the case I = N in (B.l) 
and (4.19), respectively. 

C.5 Relations among F^(i>)'s 

The (N, N) component of the RLL = LLR* relation (5.2) (1 < j < N - 1) yields 

F+^K+^F+^K+iv^ = p( Vl - v^F+^K^F+^KUvi). (CIS) 
The (j, k), (N, N) component of the RLL = LLR* relation (5.2) (1 < j, k < N- 1, j ^ fc) yields 

= R%(v,P hk + h hk )F^ N (v 1 )K+(v l )Fl N (v 2 )K+(v 2 ) 

+R%{v, Pj,k + h hk )F+ N { Vl )KUvi)F+ N {v 2 )K+{v 2 ). (C.19) 

After a little calculation using (4.13), (C.18) and (C.19) coincide with the case I = N in (B.2) 
and (4.20), respectively. 
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C.6 The relations between Ef^s and F^s 

The (j, N), (N, N - 1) component together with the (j, N), (N, N) and (N, N), (TV, N - 1) com- 
ponents of the i?LL = LLR* relation (5.2) (1 < j < N - 2) yield 

-^-,w*a-,(v.) ' i ' ( 'V;^ Mf) ^fa)- 1 - (c») 

The (j+1, j), component together with the and (j, j), (j, components 

of the L~ X L~ X R = R*Lj 1 Lj 1 relation (C.9) (1 < j < N - 1) yield 

These equations (C.20) and (C.21) coincide with the cases I = N and I = j + 1 of (4.21), 
respectively. 

Similarly, the (N-1, N), (N,j) component together with the (N-1,N), (TV, N) and (N,N), (N,j) 
components of the RLL = LLR* relation (5.2) (1 < j < N — 2) yield 

r , , . . . ,-iC(vi — V 2 ,Pn-1,N + hN-l,N) , s , n 

Kj^l-^-i^^iF^^) fe(m-v 2 ) — ^v-iteW-ijfa) 

(C.22) 

,J 0*(Ui — V2) 



The (i,J + l), (j+1, j) component together with the (j+1, j) and (j, j+1), components 

^f L f R = R * L i lL i 



of the L- X L~ X R = R*L~ 1 L~ 1 relation (C.9)(l < j < N — 1) yield 



These equations (C.22) and (C.23) coincide with the cases I = N and I = j + 1 of (4.22), 
respectively. 

Finally, the following relations with j < N — 2 are examples of those which we have not yet 
checked for our half currents. 

IS+t s-l c ( v l- v 2,Pj,N + h jtN ) , . C*(V! -V 2 ,Pj,N) rr+t x-1 

b(vi -V2) J J b*(vi - v 2 ) 
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k=j+l 



b(vi - v 2 ) 

-FfrMKlMBU* / 1 ^™ KM*)-*) ■ (C24) 

These are derived from the (j,N),(N,j) components together with the (j,N),(N,N) and 
(TV, TV), (N,j) components of the RLL = LLR* relation (5.2) (1 < j < N - 1). 

D Evaluation Module 

We here summarize the evaluation module (ir\/,z, V z = V[z, z^ 1 ]) of U q (sl]y) associated with the 
vector representation V = C N . 

The evaluation module (ir z , V z ) in terms of the Drinfeld generators, is defined by the following 
formulae. 

vr 2 (c) =0, ir z (d) =z^-, (D.l) 

7r z (a j>n ) = M (5 J-N+i z )"(g-»^. _ q"E j+lj+1 ), (D.2) 

M<J = (q j - N+1 z) n E jj+1 , (D.3) 

*z(xj >n ) = W- N+l z) n E ]+lj , (D.4) 

7T z (hj) = E j:j - E j+lj+1 , Tr z (h Sj ) = -Ejj. (D.5) 

Then the elliptic currents kj(w,p),ip^(w,p),ej(w,p), fj(w,p) of U q (slN) defined in (3.22)-(3.25) 
are represented by 

{q r+2N + 1 z/w}{q r+1 z/w}{q r - 1 w/z}{q r - 2N+3 w/z} 



7T z (kj(w,p)) = 



{q r + 2N - 1 z/w}{q r + 3 z/w}{q r + 1 w/z}{q r - 2N + 1 w/z} 



(D.6) 

^^ ( ^,))^^ e ^;;^^ ) ; (d.7) 

7r z (e 3 (w,p)) = E jj+l ^^ 8^- N ^z/w), (D.8) 

IP) P)oo 

*,(/>,„)) = E 1+lj { ^-^5(q^ N+1 z/w), (D.9) 
where {z} = (z;p,q 2N )oo- Especially, the auxiliary currents u^{w,p) are represented by 
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Due to this representation, we can obtain the representation of the half currents. After getting 
rid of some unpleasant fractional power factors of q and z by a certain gauge transformation, 
we have the following result. 



Tr V2 (K+(v 1 )e- Q -*i) = p + 

[vi - v 2 ] 



V2) 
3-1 



[ Vl - V2 + l]Z^ [vi _ V2] ^ 



N 



Ekk , 



n V2 (e-*F+ l (v 1 )e'») = E lj 



[vi - V2 + Pj,i - m) 

[v 1 -v 2 ][P j ,i-l] ' 



ir Va (e Qi i-'nE+(v 1 )e 



-Qe, 



-E, 



[v 1 -v 2 -P j , l ][l} 



(D.ll) 
(D.12) 

(D.13) 



Jfl ' [VI ~ V 2 ][Pj,l] ' 

where z = q 2v . It is easy to check that these quantities satisfy the commutation relations of the 
half currents (v) , (v) and E^-(v). 

Finally, let us check the results by calculating the i?-matrix as the image of the L-operator 
L+(v) in (5.1). 



R + {v! -v 2 ,P) = (ir V2 (g> id)L + {vi). 
Using (4.3) and Riemann's theta identity, we obtain the following. 



(D.14) 



R+(v,P) =p+ (v) 



Ru(v,P) 

R2l(v,P) 



Rin(v,P) 

R2N{V,P) 



\ Rni{v,P) R NN (v,P) J 



(D.15) 



where 



j-i _ N 
R jj (v,P) = ^b(v)E kk + E jj + b(v,P Jtk )E kk (l<j<N), 

k=l k=j+l 



R jl (v,P)=c{v,P jil )E lj , 

R tj (v,P)=c(v, P u ) Eji (l<j<l<N). 

This expression coincides with the .R-matrix given by (2.15). 



(D.16) 
(D.17) 
(D.18) 
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